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Abstract. We study the G2 analogue of the Goldberg conjecture on non- 
compact solvmanifolds. i.e. on simply connoted solvable Lie groups no having 
a lattice. In contrast to the almost-Kahler case we prove that a 7-dimcnsional 
solvmanifold cannot admit any left-invariant calibrated G2-structure ip such 
that the induced metric g v is Einstein, unless g v is flat. Moreover, we show 
that a 7-dimcnsional (non-flat) Einstein solvmanifold (S, g) of rank one cannot 
admit any left-invariant cocalibrated G2-structure ip such that the induced 
metric g v = g. 



1. Introduction 

A 7-dimensional smooth manifold M 7 is said to admit a G2~structure if there is 
a reduction of the structure group of its frame bundle from GL(7,R) to the ex- 
ceptional Lie group G2 which can actually be viewed naturally as a subgroup of 
50(7). Therefore a G2-structure determines a Ricmannian metric and an orienta- 
tion. In fact, one can prove that the presence of a G2-structure is equivalent to the 
existence of a certain type of a non-degenerate 3-form <p on the manifold. By |10j 
a manifold M 7 with a G2-structure comes equipped with a Riemannian metric g, 
a cross product P, a 3-form cp, and orientation, which satisfy the relation 

<p(X,Y,Z)=g(P(X,Y),Z). 

This is exactly analogous to the data of an almost Hcrmitian manifold, which 
comes with a Riemannian metric, an almost complex structure J, a 2-form F, and 
an orientation, which satisfy the relation F(X,Y) = g(JX,Y). 
Whenever this 3-form <p is covariantly constant with respect to the LeviCivita 
connection then the holonomy group is contained in G2 and the 3-form ip is closed 
and co-closed. 

A G2-structure is called calibrated if the 3-form ip is closed and it can be viewed as 
the G2 analogous of an almost-Kaher structure in almost Hcrmitian geometry. By 
the resuts in [51 [5] no compact 7-dimcnsional manifold M 7 can support a calibrated 
G2-structure ip whose underlying metric g v is Einstein unless g v has holomomy 
contained in G2. This could be considered to be a G2 analogue of the Goldberg 
conjecture in almost-Kahler geometry. The result was generalized by R.L.Bryant 
to calibrated G2-structures with too tightly pinched Ricci tensor and by R. Cleyton 
and S. Ivanov to calibrated G2-structures with divergence-free Weyl tensor. 
A non-compact complete Einstein (non-Kahlcr) almost-Kahler manifold with neg- 
ative scalar curvature was constructed in [3J and in |13| it was shown that it is 
an almost-Kahler solvmanifold, that is, a simply connected solvable Lie group S 
endowed with a left-invariant almost-Kahler structure [15] . In Section [3J we show 
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that in dimension six this is the unique example of Einstein almost-Kahler (non- 
Kahler) solvmanifold and we classify the 6-dimensional solvmanifolds admitting a 
left-invariant (non-flat) Kahlcr-Einstcin structure. 

A natural problem is then to study the existence of calibrated G2-structurc tp 
inducing Einstein metrics on non-compact homogeneous Einstein manifolds. All 
the known examples of non-compact homogeneous Einstein manifolds belong to 
the class of solvmanifolds, that is, they are simply connected solvable Lie groups 
S endowed with a left invariant metric (see for instance the survey [IB])- A left 
invariant metric on a Lie group 5" will be always identified with the inner product 
< •, • > determined on the Lie algebra s of S. According to a long standing 
conjecture attributed to D. Alekseevskii (see [H 7.57]), these might exhaust the 
class of noncompact homogeneous Einstein manifolds. 

On the other hand, Lauret in |19| showed that the Einstein solvmanifolds are stan- 
dard, i.e. satisfy the following additional condition: if s = a © n is the orthogonal 
decomposition of the Lie algebra s of S with n = [s,s], then [a, a] = 0. 
A left-invariant Ricci-flat metric on solvmanifold is neccssarly flat [2] , but solvman- 
ifolds can admits incomplete metrics with holonomy G2 as shown in [7] . 
In Section |4] by using the classification of 7-dmensional Einstein solvmanifold and 
obstructions to the existence of calibrated G2-structures, in contrast to the almost- 
Kahler case, we prove that a 7-dimensional solvmanifold cannot admit any left- 
invariant calibrated G2-structure tp such that the induced metric g v is Einstein, 
unless g v is fiat. 

If tp is co-closed, then the G2-structure is called cocalibrated. In Section [5] we show 
that a 7-dimensional (non-flat) Einstein solvmanifold (S, g) of rank one cannot 
admit any left-invariant cocalibrated G2-structurc tp such that the induced metric 
9f = 9- 

2. Preliminaries on Einstein solvmanifolds 

By [19j all the Einstein solvmanifolds are standard. Standard Einstein solvman- 
ifolds constitute a distinguished class that has been deeply studied by J. Heber, 
who has derived many remarkable structural and uniqueness results, by assuming 
only the standard condition (see [H]). In contrast to the compact case, a standard 
Einstein metric is unique up to isomctry and scaling among invariant metrics [121 
Theorem E] . The study of standard Einstein solvmanifolds reduces to the rank-one 
case, that is, to the ones with dimo = 1 (see [12j Sections 4.5,4.6]) and everything 
is determined by the nilpotent Lie algebra n = [s,s]. Indeed, a nilpotcnt Lie algebra 
n is the nilradical of a rank-one Einstein solvmanifold if and only if n admits a 
nilsoliton metric (also called a minimal metric), meaning that its Ricci operator is 
a multiple of the identity modulo a derivation of n. 

Any standard Einstein solvmanifold is isometric to a solvmanifold whose underlying 
metric Lie algebra resembles an Iwasawa subalgebra of a semisimple Lie algebra in 
the sense that adA is symmetric and nonzero for any A G a, A 7^ 0. Moreover, 
if H denotes the mean curvature vector of S (i.e., the only element H £ a such 
that tr(adA) =< A,H >, for every A 6 a), then the eigenvalues of adjj\n are an 
positive integers without a common divisor, say k\ < . . . < k r . If d\, . . . , d r denote 
the corresponding multiplicities, then the tuple 



(k; d) = (ki < . . . < k r ; d\, . . . , d r ) 
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is called the eigenvalue type of S. It turns out that M.H n is also an Einstein 
solvmanifold (with just the restriction of < •,• >onit). It is then enough to consider 
rank-one (i.e. dim a = 1) metric solvable Lie algebras as every higher rank Einstein 
solvmanifold will correspond to a unique rank-one Einstein solvmanifold and certain 
abclian subalgebra of derivations of n containing adn- In every dimension, only 
finitely many eigenvalue types occur. 

By [2Ql Lemma 11], p]) and [12l Proposition 6.12] it follows that if (s, <•,•>) is an 
Einstein (non-flat) solvable Lie algebra, such that dim a = m and [s,s] is abelian, 
then the eigenvalue type is (1; k), with k = dim[s,s] > m. 

In the case that n is non abelian, it is proved in |17j that any nilpotent Lie algebra 
of dimension < 5 admits an Einstein solvable extension. In [22] it is shown that the 
same is true for any of the 34 nilpotent Lie algebras of dimension 6, obtaining then 
a classification of all 7-dimensional rank-one Einstein sob/manifolds (see Table 2). 
A classification of 6 and 7-dimensional Einstein solvmanifolds of higher rank can 
be obtained by |23j , where more in general there is a study of Ricci solitons up to 
dimension 7 on solvmanifolds. 

3. Almost-Kahler structures 

An almost Hcrmitian manifold (M, J, g) is called an almost-Kahler manifold if the 
corresponding Kahler form F(-,-) = <?(■, J-) is a closed 2-form In this section we 
study the existence of Einstein almost-Kahlcr structures (J,g,F) on 6-dimcnsional 
solvmanifolds. 

Along all this work, the coefficients appearing in the rank-one Einstein extension 
of a Lie algebra will be denoted by c, while the coefficients of the extension up to 
dimension 6 for almost-Kahlcr, and up to dimension 7 for Gi manifolds, will be 
denoted by 

Theorem 3.1. A 6 -dimensional solvmanifold (S,g) admits a left-invariant Ein- 
stein (non-Kdhler) almost-Kahler if and only if its Lie algebra (s, g) is isometric to 
the rank two Einstein solvable Lie algebra (|2|) defined below. 

A 6- dimensional solvmanifold (S,g) admits a left-invariant Kahler- Einstein struc- 
ture if and only if the Lie algebra (s, g) is isometric either to the rank one Einstein 
solvable Lie algebra f)4 or to the rank two Einstein solvable Lie algebra ([1]) or to 
the rank three Einstein solvable Lie algebra ([3]); both Lie algebras ([2]) and ([3]) are 
given below. 

Proof. A 6-dimcnsional Einstein solvable Lie algebra (s, g) is necessarily standard, 
so one has the orthogonal decomposition (with respect to g) 

s = n© a, 

with n = [s,s] nilpotent and a abelian. We will consider separately the different 
cases according to the rank if s, i.e., to the dimension of a. 

If dim a = 1 and n is abclian, then we know by [12j Proposition 6.12] that s has 
structure equations 

( ce 16 ,ce 26 , C e 36 ,ce 46 , Ce 56 ,0), 

where c is a non-zero real number. For this Lie algebra we get that any closed 
2-form F is degenerate, i.e. satisfies F 3 = and so it does not admit symplectic 
forms. 
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If dim a = 1 but n is nilpotent (non-abelian) , then (s,g) is isometric to one of the 
solvable Lie algebras t)i (i = 1, . . . ,8) defined below in Table 1, endowed with the 
Riemannian metric g such that the basis (e , . . . , e 6 ) is orthonormal. 
For f)i, f)j, 5 < j < 8, we get again that any closed 2-form F is degenerate. 

The Lie algebras f) 2 and f) 3 admit symplectic forms. However, one can check that 
any almost complex structure J on \)i (i = 2, 3) is such that g(-, •) ^ F(-, J-). 
For [)4 we get that a symplectic form is 



F 



c 5 ,ee 12 + ci, 6 e 16 + c 2 , 6 e 26 



34 



36 



C4,6e 



46 



with c^fi 7^ 0. The almost complex structures J such that g(-, •) 
given, with respect to the basis (e 1 , . . . , e 6 ), by 

Je\ = ±e 2 , Je 3 = ±e 4 , Je 5 = ±e 6 



C5,6e 

= F(-,J-) are 



and they are intcgrablc. Therefore, (J,g,F) arc Kahler-Einsten structures on 1)4. 
In order to determine all the 6-dimcnsional rank-two Einstein solvable Lie algebras, 
we need first to find the rank-one Einstein solvable extensions ri4 © R < e$ > 
of the 4-dimcnsional nilpotent Lie algebras n 4 . Then we consider the standard 
solvable Lie algebra 56 = n 4 © a i with a — R < e 5 ,e 6 > abelian and such that 
the basis (e 1 , . . . , e 6 ) is orthonormal. The two cases that we should consider for ri4 
are (0,0,e 12 ,0) and (0, 0, e 12 , e 13 ). We find that they have the following rank-one 
Einstein solvable extensions 



(2C36 ,2 C3 6 ,^ 



22c 3 e 



12 



c 3 e 35 ,!c 3 e 45 ,0), 



if n 4 = (0,0,e 12 ,0); and 



(i C4 e 15 , ±c 4 e 25 , i v / 5c 4 e 12 + |c 4 e 35 , ±V5c 4 e 13 + c 4 e 45 , 0), 

if TI4 = (0, 0, e 12 , e 13 ). Now, from the rank-one Einstein solvable extension of ru 
(0, 0, e 12 , 0), we get the 6-dimensional Einstein solvable Lie algebra of rank two: 



(1) 



de 1 

de 2 

de 3 

de 4 
de 5 



2^ive 15 + / ie 16 + / 2 e 26 , 

,16 ,0. / 2 7^25 , J _„26 



^e 1 



2-ife 35 

33 xle 



A^e 45 -2(/ 1+ / 10 )e 46 
de 6 = 



+ (/i + /io)e 



36 



where K = y/Zft + 5/10/1 



/I 



3/io j which admits the Kahler-Einstein struc- 



tures given, in terms of the orthonormal basis (e , . . . e 6 ), by 
F = ^/¥ c 3, 5 e 12 + ci, 5 e 15 + V¥« 18 (A^+/^. a ) + e 25 ^ 



/^ e 26 (/ 2 Cl,5+/l0C2,5) 



+C3,5e 



35 



■(/i+/io)c 3 ,5e J 
AB 



2B 

c 4 , 5 e 45 

2 _ , / 3 



-(/i+/io)c4,5e 4 
B 



C5,6e 



2B 
56 



Jei = e 2 , Je 2 = — ei, Je 3 = 2^/ ^-e 5 + ^/ ^-e 6 , Je 4 = yj ^-e 5 - 2^/ ^-e 6 , 
e3 

with (/1 + /io)c 2 i5 c 4 ,5 7^ 0. 



Je 5 = -2J±e 3 - J^e A ,Je e = - J -jje 3 + 2 J £e 4 , 
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From the rank-one Einstein solvable extension of rt4 = (0, 0, e 12 , e 13 ) we get the 
6-dimcnsional Einstein solvable Lie algebra of rank two: 



f de 1 

de 2 



(2) 



4 

b 4 e 2 



3&46 1 



b i e 



36 



de 4 



4 4 ' 

45 b 4 e 46 
2 ' 



, de 5 = de 6 = 0, 

which admit the Einstein (non-Kahlcr) almost-Kahler structure given by 
F 



-2V5c 3 , 6 e 12 + VEc 4 , 



^13 _i_ 1 „ ~15 I „ „16 1 „ „25 I „ „26 q„ ^35 

ge + jCi^e + cifie — 2 c 2,6e + C2,ee — oc^^e 



-c 3 , 6 e 36 + 2c 4 , 6 e 45 + c 4 , 6 e 46 + c 5 , 6 e 56 , 



Jei = e 3 , Je 3 = -ei, Je 2 = --^e s + ^=e 6 , Je 4 = -2=e 5 + ^e 6 , 

where 04,6 (4c 2 . 6 + C2,6C4.6) 7^ 0. The almost-Kahler is not integrable since 

Nj{e ll e 2 ) = -\5biez,Nj{e\,es) = 6 4 ei, Nj(ei, e 6 ) = -2fo 4 ei 
If n = [s, s] is abclian and dim n = 4, we have to consider the structure equations 



' de 1 


= cie 15 


+ fie 16 


de 2 


= cie 25 


+ / 3 e 26 


< de 3 


= cie 35 


+ / 5 e 36 


de 4 


= cie 45 


r /re 46 


de 5 


= de 6 = 






and then to impose that the metric for which (e 1 , . . . , e 6 ) is orthonormal has to be 
Einstein and d 2 e? 1 = 0, j = 1, . . . , 5. We find that the structure equations are: 



de 1 

de 2 

de 3 

de 4 
. de 5 



V /? + ( /3 + /4)/l+/| + g + / sTTe 1 5 , , 
V2 + J 1( 



16 



V /? + ( /3 + /4 ) fl + /I + / 1 + /a/Te 2 5 
V2 



V /? + ( h + /4 ) fl + /I + fl + /374 e 4 5 , 

72 + /4e 

de 6 = 0. 



4 -(-h-f3-.U)e 2b , 

36 



and that the corrisponding Lie algebra does not admit any symplectic form. 
In order to determine all the 6-dimcnsional rank-three Einstein solvable Lie alge- 
bras, we need first to find the rank-one Einstein solvable extensions n 3 © R < e 4 > 
of the 3-dimensional nilpotent Lie algebras n 3 = f) 3 with structure equations 

(0,0, e 12 ). 

We find the following rank-one Einstein solvable extension 

(fe 14 ,fe 24 ,a 3 e 12 + a 3 e 34 ,0), 



which is indeed flat. 
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If n = [s,s] is abelian and dimn = 3, we have the Einstein solvable Lie algebra with 
structure equations 

de 1 = V2/ 4 e 14 - V3/ 4 e 15 + he 16 , 
de 2 = V2/ 4 e 24 + V3/ 4 e 25 + / 4 e 26 , 
de 3 = v^e 34 - 2/ 4 e 36 , 
de 4 = de 5 = de 6 = 0. 
which admits the almost-Kahlcr structures given by 

F = \/2ci :6 e 14 - V3ci, 6 e 15 + d :6 e 16 + V2c 2 , 6 e 24 + V3c 2 , 6 e 25 + c 2)6 e 



(3) 



26 C3,6e 



V2 



+c 3 , 6 e 36 + c 4 , 5 e 45 + c 4 , 6 e 46 + c 5 , 6 e 56 , 
Jei = 73 64 - 75 e 5 + 75 e 6' Je 2 = 75 e 4 + 75^5 + ^e 6 , Je 3 = -^e 4 + ^|e 6 , 



Je4 = "73 ei - 73 e2 + 7s e3 ' Jes = 71 ei " 71 e2 ' Jee = "76 ei " 7e e2 " V ^ 



2.. 
□ 



S6 


6-dimensional Einstein solvable Lie algebras of rank one 


f)l 


(^c 4 e 16 , i|c 4 e», AgV3c 4 e 12 + ^o 4 e 36 , f§c 4E 13 + c 4 e 46 , $ v^e 14 + Afcje 58 , 0) 


f)2 


(i C4 e 16 , i C4 e 26 , i^30c 4C 12 + f C4 e 36 , i^30c 4C 13 + c 4 e 46 , i^5c 4 e 14 + ± VSc 4 e 23 + f c 4 e 56 ,0) 


(13 


(^cse 16 , f c 5 e 2| 3, §c 5 e 36 , iv^Ocs^ 12 + j>V30c B e 23 + ^Vl5c 5 e^ + 0^,0) 


(14 


(l C5 e 16 , Ic 5 e», Ic 5 e 36 , l C5e 46 , c 5e 12 + c 5 e 34 + c 5 e 56 ) 


(15 


(i C3 e 16 , ic 3 e 26 ,2c 3 e 12 + C3 e 38 , V^e 13 + §c 3e 4f \ V^ 3 e 23 + § c 3 e 56 , 0) 


(16 


/ 1 16 1 26 1 36 12,5 46 13,5 56 m 
(^aie , ^(iie , e , oie + |aie ,aie + f tie , 0) 


(17 


(±c 3e 18 , Ic 3E », IVTc 3 e 12 + c 3 e 38 , £ c 3 e 48 , f c 3 e 56 ,0) 


(18 


(Ic 4e 16 , I C4 e 26 , iV26c 4e 12 + f c 4 e 36 , i^26c 4 e 13 + c 4 e 46 , £ c 4 e 56 , 0) 



Table 1. Rank-one Einstein 6-dimcnsional solvable Lie algebras 

4. Calibrated G 2 -structures 

In this section we study the existence of calibrated G2-structures <p on 7-dimensional 
solvable Lie algebras whose underlying Riemannian metric g v is Einstein. We will 
use the classification of the 7-dimensional Einstein solvable Lie algebras and the 
following obstructions. 

Lemma 4.1. |9] If there is a non zero vector X in a 7-dimensional Lie algebra q 
such that (ixf) 3 = for all closed 3- form ip £E Z 3 (q*), then g does not admit any 
calibrated G2~structure. 

Lemma 4.2. Let q be a 7-dimensional Lie algebra and ip a G2-structure on q. 
Then the bilinear form g v : q x q — > M defined by 

g v (X, Y)vol = -(i x <P A i Y (f A <p) 
has to be a Remannian metric. 

Proof. It follows by the fact that in general there is a 1 — 1 correspondence between 
G2-structurcs on a 7-manifold and 3-forms if for which the bilinear form B v defined 

by 

B V {X, Y) = (ixf A i Y f A <p) 
is positive definite (see [5], [14]). □ 
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Lemma 4.3. Let (s,g) be a 7 -dimensional Enstein solvable Lie algebra endowed 
with a G2-structure tp, then, for any A E a = [n, n] such that g v (A,A) = 1, the 
forms 

a = iA<P, j3 ~ ip — a /\ A* , 

define an SU (3) -structure on (M. < A >) , where by A* £ s* we denote the dual of 
A. So in particular a A (3 = and a 3 ^ 0. 

Proof. It follows by Proposition 4.5 in [3T]. □ 
In contrast with the almost-Kahler case, we can prove the following theorem 

Theorem 4.4. A 7 -dimensional solvmanifold cannot admit any left-invariant G2- 
structure tp such that g v is Einstein, unless g v is flat. 

In particular, if the 7 -dimensional Einstein (non-flat) solvmanifold (S,g) has rank 
one, then (S,g) admits a calibrated G '2- structure if and only if the Lie algebra 5 of 
S is isometric to the Einstein solvable Lie algebras Qi, Q4, Qg, Qig,, 028 i n Table 2. 

Proof. A 7-dimensional Einstein solvable Lie algebra (s, g) is necessarily standard, 
so one has the orthogonal decomposition (with respect to g) 

s = n® a, 

with n = [s,s] nilpotent and a abclian. We will consider separately the different 
cases according to the rank if s, i.e., to the dimension of a. 

If dim a = 1 and n is abelian, then we know by [T2j Proposition 6.12] that s has 
structure equations 

(ce 17 ,ce 27 ,ce 37 ,ce 47 ,ce 57 ,ce 67 ,0), 

where c is a non-zero real number. Computing the generic closed 3-form on s it is 
easy to check that s cannot admit any calibrated G2-structure. 
If dim a = 1 and n is nilpotent (non-abelian) , then (s,g) is isometric to one of the 
solvable Lie algebras Qi,i = 1, ...,33, in Table 2, endowed with the Riemannian 
metric such that the basis (e 1 , . . . , e 7 ) is orthonormal. We may apply Lemma |4~T1 
with X = ee to all the Lie algebras = 1, ...,33, except to the Lie algebras 
0i, 04 , 09 , 018 , 028, showing in this way that they do not admit any calibrated 
G2-structure. For the remaining Lie algebras 0i, 04, 09, 0is, 028 we first determine 
the generic closed 3-form (p and then, by applying Lemma 14.31 we impose, that 
aAa^O and a A (3 = 0, where 

(4) a = i er ip, f3 = tp-e 7 A(3. 

Moreover, we have that the closed 3-form tp defines a G2-structure if and only 
the matrix associated to the symmetric bilinear form g v , with respect to the or- 
thonormal basis (e 1 , . . . , e 7 ), is positive definite. Since the Einstein metric is unique 
up to scaling, a calibrated G2-structurc induces an Einstein metric if and only if 
the matrix associated to the symmetric bilinear form g v , with respect to the basis 
{e 1 , . . . , e 7 }, is a multiple of the identity matrix. By a direct computation we have 
that then the Lie algebras 0i,04,0g,0i8,028 admit a calibrated G2-structure (see 
Table 3) but they do not admit any calibrated G2-structure inducing a Einstein 
(non-flat) metric. 

Next, we show that result for the Lie algebra 028- To this end, we see that any 
closed 3-form ip on 028 has the following expression: 
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,„ _ „ 127 1„ 136,„ „137, 1„ „145 _ „147 „ 157,„ „167_i_ 1„ „235 

+ c 2 . 3 e 237 + ic 5 . 6 e 246 + C2 , 4 e 247 + c 2 . 5 e 257 + c 2 . 6 e 267 + c 3 , 4 e 347 + c 3 , 5 e 357 + c 3 , 6 e 367 
+ c 3 , 6 e 457 - C3 , 5 e 467 + C5 , 6 e 567 , 
where Cjj are arbitrary constants. 

In this case, one can check that the induced metric by tp can be expressed by the 
following matrix: 



G 



\ 



-I C 1,2C|,6 



I c 2,3c| i6 
1 „ „2 
4 C 2,4 C 5,6 

3 C 2,6ci, 6 









-3 C 1,2 C 5,6 
-4-C 2 , 4 C 5)6 

2 C 2,3 C I,6 
4C2,6C 5i6 

-3 C 2,5C5. 6 




4 C 2,3C 2 , 6 

-Z c 2,4c| i6 

1„ „2 
~4 C 3,4 C 5.6 



1 „ „2 
4 C 3,6 C 5,6 

-4 C 3,5C 2 . 6 




1 2 

4 C 2,4C 5j6 

4 C 2,3ci, 6 


1 „ „2 
~4 C 3,4 C 5,6 

-4 C 3,5cl i6 

"4 C 3,6C 2 i6 




4 C 2,5C 2 , 6 

4 C 2,6C|, 6 
1„ „2 
4 C 3,6 C 5,6 

-3 c 3,5c| i6 

4a 
4 







\c2ficl, g 

-4 C 2,5Cl, 6 
-3 C 3,5C| >6 

~4 C 3,6 C 5,6 



■ ■ . ' ■ 
4 





c 
c 
c 
c 

c 

c 

.97 



where 

.97,7 = -C5,6c! >3 + Ci, 2 c| 5 + Ci i2 c| 6 + c| s C 3i 4 + C^C^ + C 2 , 5 (2c 2 , 3 C 3:6 - 2c 2 ,4C 3 , 5 ) 

— 2c2,6 (c2, 3 c 3 ,5 + C2,4C 3 ,6) — cf^cs^ + c1.2c3.4C5.e- Now we have that the system 
G = B ■ I7 does not have solution, for any real number B, where J7 is the identity 
matrix. This means that the Lie algebra 028 does not admit calibrated G2 structure 
defining an Einstein metric. However, we can solve 48 from the 49 equations of the 
system G = B ■ I7, and we obtain the metric defined by the matrix 



G 



( 1 






V 



\ 






4 / 



Since this matrix is positive definite, the Lie algebra ri 2i s has a calibrated G% form 



tp = —2e 



127 



2e 



347 



,136 



,145 



,235 



„246 



2e 



567 



which induces the metric defined by G. 

In order to determine all the 7-dimensional rank two Einstein solvable Lie algebras, 
we need first to find the rank-one Einstein solvable extensions Sq = ris K < ee > 
of any of the eight 5-dimensional nilpotent Lie algebras TI5 (see Table 4) and then 
consider the standard solvable Lie algebra S7 = n$ © a, with a = K < e 6 ,e7 > 
abelian and such that the basis (e 1 , . . . , e 7 ) is orthonormal. From f]i we get the 
7-dimcnsional Einstein Lie algebra of rank two with structure equations 



de 1 


= ±V6ae 16 ■+ 


4ae 17 , 




de 2 


= fTflae 26 - 


7ae 27 , 




de 3 


= f VlSae 12 


4- l^Veae 36 


- 3ae 37 


de A 




f f V6ae 46 


+ ae 47 , 


de 5 


= f VlSae 14 


4- fv^ae 56 - 


- 5ae 57 , 


de 6 


= de 7 = 0. 
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By computing the generic closed 3-form ip and by using Lemma 14.21 and Lemma 
14.31 we get that the matrix associated to g v , with respect to the basis (e , . . . , e 7 ), 
cannot be a multiple of the identity matrix. 

From f)2 we do not get any 7-dimcnsional Einstein Lie algebra of rank two. From ^3 
we get the 7-dimensional Einstein Lie algebra of rank two with structure equations 



' de 1 


= ±V21ae 16 -ae 17 7 






de 2 


= ±V2lae 2e + 2ae 27 , 






de 3 


= f y/21ae 36 - 2ae 37 , 






* de 4 


= ±V30V21ae 12 + ±\ 


/2Tae 46 + ae 47 , 




de 5 


= ^-VW21ae 14 + |f 


■JTEV21ae 23 + 




de 6 


= de 7 = 0. 







By computing the generic closed 3-form 93 and by using Lemma 14.21 and Lemma 
14.31 we get that the matrix associated to g v , with respect to the basis (e , . . . , e ), 
cannot be a multiple of the identity matrix. From t)4 we get the 7-dimcnsional 
Einstein Lie algebras of rank two with structure equations 



' de 1 


= wrt+fi+m 


+ 2/| 


+ /l4 


+ /1V 6 - 


- he 17 + / 2 e 27 - 


V he 37 4- 


.Ae 47 , 


de 2 




+ 2/| 


+ /l 2 4 


+ AV 26 - 


f- / 2 e 17 + fie 27 - 


h / 4 e 37 - 


/ 3 e 47 , 


de 3 


= Wff+fi+*fi 


+ 2/| 


+ /l 2 4 


+ AV 36 - 


¥ h^ 7 + / 4 e 27 - 


~hve 37 - 


f /i 4 e 47 


de 4 


= Wft + fi + Vi 


+ 2/| 


+ /l 2 4 


+ /i 2 9 e 46 - 


H/ 4 e 17 -/ 3e 27 - 


V fue 37 - 


f /i 9 e 47 


de 5 
. de 6 


= Vft + ft + 2/! + 

= de 7 = 0. 


2/| + 


fh + 


A 2 9 (e 12 ^ 


-e 34 4-e 56 ), 







We may then apply Lemma |4. II with X = e§. 

From [)5 we get the 7-dimensional Einstein Lie algebras of rank two with structure 
equations 



' de 1 


= ^Va 2 4 


-6 2 e 16 4 


- ae 17 + be 27 , 




de 2 


= ^Va 2 4 


- b 2 e 2e 4 


- be 17 - ae 27 , 




de 3 

{ 


= ^a 2 


+- b 2 e 12 


f ^Va 2 + 5 2 e 36 , 




de 4 


= V2Va 2 4 


- b 2 e 13 4 


-^Va 2 + fo 2 e 46 4 


- ae 47 4- be 57 , 


de 5 


= V2Va 2 4 


- 6 2 e 23 4 


^Va 2 + fo 2 e 56 4 


- be 47 - ae 57 , 


de 6 


= de 7 = 0. 









For these Lie algebras in order to study completely all possibilities we will study 
separately the two cases b ^ and b = 0. By computing the generic closed 3-form 
ip and using Lemma |4~31 we have that the system g v (ei, ej) — k5 3 { = (where A: is a 
non zero positive real number) with variables the coefficients Cijk of e 1 - 7 in <p has 
no solutions. 
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From f)6 we get the two families of 7-dimensional Einstein Lie algebras of rank two 
with respectively structure equations 



de 1 


= |V5/I 5 


+ 8/19/25 


+ 5/fg 


+ 2/ 2 2 e 16 - 


f- 2(/i 9 - 


f- / 25 )e 17 




de 2 


= 2V 5 /25 


+ 8/19/25 


+ 5/! 2 9 


+ 2/ 2 2 e 26 - 


- (/l9 + 


2/ 25 )e 27 


+ /i 2 e 37 


de 3 


= 


+ 8/19/25 


+ 5A 2 9 


+ 2AV 36 - 


f- /i 2 e 27 


- (/19 + 


2/ 25 )e 37 


de 4 


= V5/| 5 + 


8/19/25 + 


5/i 2 9 + 


2/i 2 2(e 12 4 


' |e 46 ) ^ 


- /i 9 e 47 H 


- /i 2 e 57 , 


de 5 
de 6 


= V5/| 5 + 
= de 7 = 0. 


8/19/25 + 


5/i 2 9 + 


2/i 2 2(e 13 4 


-§e 56 )H 


- /i 2 e 47 H 


-/ 25 e 57 , 



and 



2) 



' de 1 


= V2/ 25 e 16 4 


4/ 25 e 17 , 


de 2 


= |V2/ 25 e 26 


- 3/ 25 e 27 - /i 2 e 37 , 


de 3 


= l^se 36 


+ /i 2 e 27 - 3/ 25 e 37 , 


* de 4 


= 3V2/ 25 e 12 


f §A/2/ 25 e 46 + /25c 47 - /i 2 e 57 


de 5 


= 3V2/ 25 e 13 


f |V2/ 25 e 56 + /i 2 e 47 + / 25 e 57 


de 6 


= de 7 = 0. 





For 1) we compute first the generic closed 3- forms tp and then, using Lemma l4.3l for 
A = ej, we impose the condition a A (3 = 0. By this condition I get in particular 
that 

ci23Ci34(/i9 + /2s) = 0, 

where by Cyft we denote the coefficient of e ljfc in ip. One can immediately exclude 
the case C134 = 0, since otherwise the element of the matrix associated to the metric 
g v has to be zero. Then we study separately the cases C123 = and /19 = — / 2 5- In 
both cases we do not find any solution for the system g v (ei, ej) — k&\ = 0. For 2) 
we study separately the cases /12/25 7^ 0, /12 = and / 2 5 = 0. 
In the case /12/25 7^ we compute first the generic closed 3-forms ip and then, using 
Lemma 14.31 for A = e-r, we impose the condition a A a / 0, getting the condition 
Ci 2 5 7^ 0. Thus, we take the system 5^ = g v {e.i,ej) — kSf = and get the values 
of c 2 56, c 346 , c 356 and C236 from 5 5 , 5 , 5 3 , 5 , 54,4 and 5 3 , 4 . Now 5 3 , 3 = -k, and the 
system does not admit solution. 

In the case /12 = we first compute the generic closed 3-forms tp and then we use 
Lemma 14.31 for A = £7, obtaining that C2 3 6, C246, c 3 56 and C456 are all different of 
zero. 

In the case case /2s = we first compute the generic closed 3-forms tp and then we 
may apply Lemma |4. II with X = e\, . . . , e§. 

From f)7 we get the four families of 7-dimensional Einstein Lie algebras of rank two 
with respectively structure equations 







' de 1 


= M Ke16 ^ 


- (-h 


+ /i 3 )e 17 + / 6 e 27 


de 2 


= e* ^ 


- he 17 


+ / 7 e 27 , 


de 3 


= ±K(V7e 12 +2 


3 36 ) + /i 3 e 37 , 


* de 4 


= \Ke 4& ~ 


(2/i3 - 


l-/ 2 5)e 47 + / 2 4e 57 


de 5 


= ±A'e 56 + 


/ 24 e 47 


+ / 25 e 57 , 


, de 6 


= de 7 = 0, 
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where K = ^21tf - 21/ 7 / 13 



63/ 2 



13 



21/| + 42/ 25 / : 



13 



21^ 



25 



21/ ; 2 



24" 



de 1 



v/21/2 - 21/ 7 / 



1.3 



42A 2 3 



de 2 - £ N /21/ 2 -21/ 7 / 13 +42/ ; 



21/|e 16 + (-/ 7 + /i 3 )e 17 + / 6 e 27 , 
21/ 2 e 26 + / 6 e 17 + / 7 e 27 , 
de 3 = ^ y/21/l - 21/ 7 / 13 + 42/ 2 3 + 21/f (V7e 12 + 2e 36 ) + / 13 e 37 , 
de 4 = |y /21/ 7 2 - 21/ 7 / 13 + 42/ 2 3 + 21/| e 46 - / 13 e 47 - / 24 e 57 , 
de 5 = i V21/ 7 2 - 21/ 7 / 13 + 42/ 2 3 + 21/ 2 e 56 + / 24 e 47 - / 13 e 57 , 
de 6 = de 7 = 0. 



in) < 



de 1 = J T V231/ 1 2 3 + 168/ 13 / 25 + 84/ 2 5 



21 

de 2 = ^v/2317 1 



84/ 2 2 



17 



27 



13 



168/i 3 / : 



25 



84/f 5 + 84/| 4 e 26 



2 .;i^ /ee : 
/ 6 e 17 + i/i 3 e 27 



J TV /231/ 1 2 3 + 168/ 13 / 25 + 84/ 2 5 
de 4 



84/| 4 ( v / 7e 12 + 2e 36 ) + / 13 e 37 , 



1 ijV231/ 1 2 3 + 168/ 13 / 25 + 84/ 2 5 



84/ 2 2 



- (2/13 + / 25 )e 47 + / 24 e 



57 



de 5 
de 6 



W231A 2 3 + I68/13/25 + 84/ 



14 

de 7 



84/| 4 e 56 



/ 24 e 47 + / 25 e 



57 



' de 4 = 


i^fe 16 - 


\h^ 7 


"/ 6 e 27 , 


de 2 = 


i^/25e 26 + 


/ 6 e 17 - 


|/ 25 e 27 , 


de 3 = 


±V3/ 25 (^e 


12 + 2e 36 


)-/ 25 e 37 


' de 4 = 




/ 25 e 47 - 


/ 24 e 57 , 


de 5 = 


\^h^ + 


/ 24 e 47 4 


/ 25 e 57 , 


de 6 = 


de 7 = 0. 







For all of them after computing the generic closed 3-forms we may apply Lemma 
HQwith X = e 3 . 

From [)8 we get the 7-dimensional Einstein Lie algebras of rank two with structure 
equations 



de 1 
de 2 



78/i 3 /i9 + 156/ 2 9 e lfa + (-/ 13 + fw)e 



17 



de 3 = ±^/390j% 



78/i 3 /i9 + 156/ 2 9 e 26 + (2/13 - /i 9 )e 



27 



78/13/ 



19 



156/ 2 9 (V26 e 12 + 3e 36 ) + /i 3 e 37 , 



de 4 = iV390/ 2 3 -78/i 3 / 



19 



156/ 2 9 (V26e 13 + 4e 46 ) + /i 9 e 47 , 



78/i 3 /i9 + 156/ 2 9 e 56 - (2/13 + /i 9 )e 



57 



de 6 = de 7 = 0. 

If [s,s] — n is abclian and dimn = 5, we have to consider the structure equations 



' de 1 


= cie 16 


+ /ie 17 , 


de 1 


= cie 26 


+ / 7 e 27 , 


de 3 


= cie 36 


+ /i 3 e 37 


de 4 


= cie 46 


+ /i 9 e 47 


de 5 


= cie 56 


+ / 25 e 57 


. de 6 


= de 7 = 


0. 



By imposing that s is a Einstein Lie algebra (the metric is the one for which 
(e 1 , . . . , e 7 ) is orthonormal), we get the Lie algebra with structure equations 
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' de 1 


= Ke 16 


+ (-/? - / 


de 1 


= Ke 2e 


+ ./V0 27 , 


de 3 


= Ke 36 


+ /i 3 e 37 , 


* de 4 


= Ke 46 


+ /i 9 e 47 


de 5 


= Ke 56 , 




. de 6 


= de 7 = 


0. 



,17 



where K = y/10 ft + 10/ 7 / 13 + IO/7/19 + Wf 3 + 10/ 13 /i 9 + 10/? 9 . 
We study separately the cases /13/19 7^ 0, /13 = and /ig = 0. 



In the case /13/19 7^ using Lemma 14.31 (i.e. a A a 7^ 0, with A = e 7 ) we may 
suppose C124C135 7^ for the generic closed 3-form. Now, we consider the system 
Sij = g v (ei,ej) — kSf = 0. We take 01,2,5,01,2,3 and k from S4 5 = = 5*3,4 
and S2.2 = 0. In the new system we can conclude that from equations S2.4 = 
and 53.5 = that there is no solution. Indeed from the two equations follows that 
/13 = ~t/ 19 and / 13 = 3T-^ 19 ' which is a contradiction since /13/19 7^ 0. 
In the case /13 = using Lemma l4.3l we may suppose 01,3,503,4,7 7^ for the generic 
closed 3-form. Then we get 02,5,7, A and 02,3,7 from ^5,5 = = 5s, 3 = 62,3. The 
new system satisfies: 

70135 (49^ 2 6 



152c| 47 ) 



Sa 

76^78 

In the case /i 9 = using Lemma l4~3l we may suppose 01,3,503,4,7 7^ for the generic 
closed 3-form.. Then we get 01,2,3, 02,5,6, 02,3,7 and 01,3,5 from 5*3,4 = = 5*2,3 = 5*2,4 
and 53,3 = 0. The new system satisfies: 



54,4 — — 



959322c? 2 5 c, 



2,5°3,4,7 ' 



59711fc 2 



If Is, si = n is abelian and dimn = 



59711/e 

we have to consider the structure equations 



' de 1 


= Cl e 16 


+ /ie 17 , 


de 1 


= Cl e 26 


+ /70 27 , 


de 3 


= Cl e 36 


+ /i 3 e 37 


de 4 


= Cl e 46 


+ /i 9 e 47 


de 5 


= cie 56 


+ / 25 e 57 


. de 6 


= de 7 = 


0. 



By imposing that s is a Einstein Lie algebra (the metric is the one for which 
(e 1 , . . . , e 7 ) is orthonormal), we get the Lie algebras with structure equations 

/i 9 )e 17 , 



' de 1 


= Be 16 


+ (-h - f 


de 1 


= Be 26 


+ /70 27 , 


de 3 


= Be 36 


+ /ise 37 , 


* de 4 


= Be 46 


+ /i 9 e 47 


de 5 


= Be 56 




, de 6 


= de 7 = 


= 0, 



where B = ^10 fj + IO/7/13 + IO/7/19 + 10/£, + IO/13/19 + 10A 2 9 . For these Lie 
algebras we first compute the generic closed 3-forms (p and then we may apply 
Lemma 14 . 1 1 with X = ei, . . . , e5. 
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In order to determine all the 7-dimensional rank three Einstein solvable Lie algebras, 
we need first to find the rank-one Einstein solvable extensions ru © R < es > of 
the two 5-dimensional nilpotcnt Lie algebras ru and then consider the standard 
solvable Lie algebra S6 = XI4 © o, with a = K < e$, e®, ej > abelian and such that 
the basis (e 1 , . . . , e 7 ) is orthonormal. For any of the nilpotent Lie algebras TI4 we 
find the following rank-one Einstein solvable extensions 



1) (Ice 1 

2) (W 



Ice 25 , \ \fhce 



Ice 25 



12 4 
22ce 12 



— ffffi* — 

4 ' 2 



^ce 13 



,45 



0) 



ce 35 ,|ce 45 , 



0) 



From 1) we do not get any 7-dimensional Einstein Lie algebra of rank three. From 
2) From 1) we do not get any 7-dimensional Einstein Lie algebra of rank three. 
From 2) we get the 7-dimensional Einstein Lie algebra of rank three with structure 
equations 



del = i C3e i5 _ (/io + /2g)e i6 + he 26 + + f23 yr + he 

de 2 = l C3e 25 + /ge 16 + /ioe 26 + /i3e 17 + 



27 



de 3 
de 4 



,12 



,35 



_ /22c 3 e 12 + c 3 e^ - ±/ 28 e 

3„ e 4S ,f .46 of c 47 

jc 3 e + j2se — z/ 23 e 
de 5 = de 6 = de 7 = 0. 



36 I f „37 



satisfying ones of the following conditions 
(i) c 3 



32/ 2 4 -32/ 14 / 23 +96/ 2 2 3 +32/ 2 3 
33 



± 



=F- 



li 



4/^-4/ 14 /23+/ 2 i 3+4/j ! 3 ^ 13 ^ 23 ' 



11 V 4/ 1 2 4-4/l4/23+/| 3 +4/ 1 2 



■(-13/14/23 



6/ 2 



2:! 



/l3 j /lO 

i 2 4 4 



2/ 2 



2/i 2 3 ), 



/28 - ±&y/ 4/ 2 4 -4/ 1 4/23+/ 2 i 3+4/ 1 2 3 ( 4/ 14 ~ 4 ^ 23 + ^23 + 4/i 2 3 ) 

(ii) c 3 = 2,/|/ 23 , / a = ±i V / H/2 2 3 - 4/ 1 2 o, /e = /13 = /2s = 0, / 14 = I/23, 



For the case (i) we consider the generic closed 3-form ip and by using all the time 
that C3 ^ and the condition a A /3 = (with a = i e7 tp). By imposing the 
the vanishing of g v (e 3 ,e4) and the condition g^e^^e^) 7^ we have always that 
cither (^(e^e^ = or 3^,(63,63) = so we cannot have calibrated G2-structures 
associated to the Einstein metric. 

For the case (ii) we start only to impose the conditions 



c 3 



/231 fe — /13 — /2s — 0, /14 — —/a, 



23- 



one needs for the Einstein condition still to impose that / 2 = ±^ ^/11/| 3 — 4/ 2 . 
We consider the generic closed 3-form 1/3 by using all the time that / 23 7^ (since 
c 3 7^ 0) and we impose a A /3 ~ 0, where a = i e7 tp. By using that g v (e 3 , e 3 ) 7^ 
and the equations 



3 v (e3, e 4 ) = .9 v (e 2 , e 3 ) = g v (e\, e 3 ) = 0. 



Studying separately the solutions of the above system we show that no calibrated 
G 2 -structure can induce the Einstein metric. 



G 2 -STRUCTURES ON EINSTEIN SOLVMANIFOLDS 



14 



If n = [s,s] is abelian and dimn = 4, we get the Einstein solvable Lie algebras of 
rank three with the structure equations 



de 1 


= cie 15 


+■ /ie 16 4 


'he 17 


de 1 


= cie 25 


+■ /se 26 4 


-he 27 


de 3 


= cie 35 


+■ /se 36 4 


'he 37 


de 4 


= cie 45 


+ /re 46 4 


-/se 47 


de 5 


= de 6 = 


de 7 = 




fs 


= -h- 


fi - fa, 





satisfying the conditions 

h = ~h - h — h, 
2/1/2 4- 2/3/4 + 2/5/6 + hh 4- hh 4- /1/4 4- Uh + hh + hh = o, 

2/i 2 4- 2/| 4- 2/| 4- 2/4/3 4- 2/i/ B 4- 2/ 3 / 5 = 4c?. 

We impose for the generic 3-form ip the conditions dp = and aA/? = (with 
a = i er <p), using all the time that ci 7^ 0. Then we consider the equations 

(5) SV(ei,e 2 ) = sv(ei,e 3 ) = g v (ei,e 4 ) = g v (e 2 ,e 3 ) = 

By the conditions 

SV( e i> e 0, g lp (e 2 ,e 2 ) ^0, ff v (e3,e 3 )^0, 3^(64,64)7^0 

we get respectively 

6125C135C145 7^ 0, C125C235C245 7^ 0, C135C235C345 7^ 0, C145C2456345 7^ 0. 

In all the solutions of ([5]) we have always that either C125 = or C135 = or 6445 = 0, 
which is not possible. □ 

5. COCALIBRATED G 2 -STRUCTURES 

In this section we study the existence of cocalibrated G2-structures ip on 7- 
dimensional rank-one Einstein solvable Lie algebras (2,3) whose underlying Rie- 
mannian metric g v = g. 

We will use the classification of the 7-dimensional rank one Einstein solvable Lie 
algebras (see Table 2), Lemma [4~2l and |4~31 together with the following obstruction. 

Lemma 5.1. Let (g,g) be a 7-dimensional metric Lie algebra. If for every closed 
A-form ^ <G Z 4 (g*) there exists Itj such that (ix(*^)) 3 = 0, then g does not 
admit a cocalibrated G2 structure inducing the metric g. 

Proof. It is sufficient to prove that if a 3-form ip defines a G2 structure on g then 
for any Iggwc have 

Lx(*<f) A p ^ 0, 

where * is the Hodge star operator with respect to the metric g v associated to 
ip. Since the 3-form ip defines a G2 structure on fj,then there exist a basis of g 
{/l? ' ' ' 1 h} (which is orthonormal with respect to g v ) such that 

_ jl24 _|_ j23.5 _|_ j346 _|_ j4.57 _|_ jl56 _|_ j267 _|_ jl37 

where (f 1 ,--- , / 7 ) is the basis of g* dual to (/i,-- - 5/7). Taking the Hodge * 
operator with respect to (f±, • • • , fj) we have 



_ _^3567 _|_ yl467 _ ^1257 _|_ ^1236 _|_ J 2 347 _ yl345 _ j2456 
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Thus, writing lx the contraction by X , 

^M=/ 467 -/ 257 + / 236 -/ 345 

and 

Similarly, wc have 



t/l (^)A^ = 4/ 234567 . 





= z 157 - 


/136 + / 347 _ 


j456 


t/ 2 (*^) A ip = 


_4jl34567. 




= -f 567 


+ / 126 -/ 247 




L h (*(f) A if 


_ 4 J124567. 




= -f 167 


_|_ j237 _ jl35 


+ / 256 , 


i fi (*ip) A ip 


_ _^jl23567 


*>/ 5 (*</>) 


= / 367 _ 


y-127 _|_ y-134 _ 


j-246 


Lf 5 {*(f) A<p = 


4J123467. 




= -z 357 


+ / 147_ / 123 




Lf a (*(f) A (f 


_ _4jl23457 


t/ 7 (*v) 


= / 356 - 


/ M6 + / 125 - 




i f7 {*<p) A(p = 


^ y-123456 


In general, for i 


= l,---7. 


we see that 









, /i (^)A^ = (-l) i + 1 4/ 12 -(- 1 )^ 1 )- 7 , 
which is a non-zero 6-form for any i = 1, . . . , 7. □ 

Lemma 5.2. Lei (0,5) 6e a 7 '-dimensional metric Lie algebra. If for any ip coclosed 
2>-form on g, the differential form T3 = *c?^| A| 7 g* satisfies the conditions 

ip A t 3 7^ or (*y>) At 3 ^0 

then q does not admit cocalibrated G2 structure inducing the metric g. 

Proof. The expression of the differential and the codifferential of a G2 form ip are 
given in terms of the intrinsic torsion forms by 

dip = tq * ip + 3ri A ip + *T3 

d * ip = 4ti A *cp + T2 A 93. 

with to G A°g*, n G A 1 g*, r 2 G A 2 4 g* and r 3 G A^ 7 g*. The cocalibrated condition 
d * <y9 = implies 

OV = To * (f + *T3. 



Since 

it follows that 
Therefore 



Al 7 0* = {p G A 3 g*|p A 95 = = p A *ip}, 
A| 7 fl* — {7 G A 4 0*| 7 A ip = = 7 A *ip} 



dip A ip = tq\<p\ e 



2 1234567 



T 3 = ~ * (dip - T * (£>). 

Now as T3 G Afyfl* the conditions 

t 3 A ip = 0, t 3 A *ip = 
must be fulfilled. □ 

We know already that a 7-dimensional Enstein solvable Lie algebra cannot admit 
nearly-parallel G^-structures since the scalar curvature has to be positive. For the 
co-calibrated (^-structures we can prove the following 

Theorem 5.3. A 7-dimensional (nonflat) rank-one Einstein solvmanifold (S,g) 
cannot admit any left-invariant cocalibrated G2~structure ip such that g v = g. 
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Proof. For a 7-dimensional rank-one Einstein solvable Lie algebra (s, g) we have 
the orthogonal decomposition (with respect to the Einstein metric g) 

s = n 6 © a, 

with n-6 = [s,s] a 6-dimensional nilpotent Lie algebra and a = M < e-j > abelian. 
If n is abelian, then we know by [El Proposition 6.12] that s has structure equations 

(ce 17 ,ce 27 ,ce 37 ,ce 47 ,ce 57 , Ce 67 ,0), 

where c is a non-zero real number. Computing the generic co-closed 4-form on s 
it easy to check that s cannot admit any co-calibrated G2-structure g v such that 
9tp = 9- 

If n-6 is nilpotent (non-abelian), then (s,g) is isometric to one of the solvable Lie 
algebras Qi,i = 1, ...,33, in Table 2, endowed with the Riemannian metric such 
that the basis (e 1 , . . . , e 7 ) is orthonormal. We may apply Lemma |5 . 1 1 with X = ej 
to the Lie algebras g3, gi3, 023 and gj, 25 < j < 33, showing in this way that 
they do not admit any cocalibrated G2-structure ip such that g v = g. For the Lie 
algebras: 

01,02,04,05,06,020 

we first determine the generic co-closed 3-form (p and then, we compute the values 
of Tq, of the 3-form r 3 . We have that r 3 A (p ^ unless ip = and so by applying 
Lemma 13751 we have that the Lie algebras do not admit a cocalibrated G2 structure 
inducing an Einstein metric. For the Lie algebras 

(6 ) 07, 08, 09, 010, 012, 014, 015, 016, 017, 018, 019, 021, 022, 024 

we first determine the generic co-closed 3-form ip and then, by applying Lemma 
14.31 we impose, that a A a ^ and a A (3 = 0, where a and j3 are given in 
([3]). Moreover, we have that the closed 3-form ip defines a G2-structure if and 
only the matrix associated to the symmetric bilinear form g v , with respect to the 
orthonormal basis (e 1 , ...,e 7 ), is positive definite. Since the Einstein metric is 
unique up to scaling, a calibrated G2-structure induces an Einstein metric if and 
only if the matrix associated to the symmetric bilinear form g v , with respect to the 
basis {e 1 , . . . , e 7 }, is a multiple of the identity matrix. By a direct computation we 
have thus that the Lie algebras © cannot admit any co-calibrated G2-structures 
inducing an Einstein metric. □ 



G 2 -STRUCTURES ON EINSTEIN SOLVMANIFOLDS 



IT 



01 


(f e 17 ,ae 27 , vT3ae 12 + § ae 37 ,4ae 13 + 2ae 47 , 2^3e 14 + 2ae 23 + § ae 57 , -^Mae 25 + 2^3ae 34 + f ae 67 , o) 


02 


ae 27 , ae 12 - 2^gi ae 37 , -2^-ae 13 - S^ae 47 , ae 14 - ^Eae 57 , ae 34 - ae 25 - S^ 21 ae 67 , o) 


03 


(_ v^Iae 17 , -Q^iae 27 , ae 12 - 5^pae 37 , ^ae 13 - ll^S ae 47 , |ae 14 - S^Hae 57 , ae 15 - 13^Hae 67 , o) 


04 


(ae 17 , 2ac 27 , 2v^7e 12 + 3ae 37 , 6 ^ ae 13 + lae 47 , 2^7ae 14 + 2 vTl55 ae 33 + 5a(J 57 2 vTli35 ae 15 + g VT54 ae 24 + 6ae 67_ Q ) 


05 


(ae 17 , 3ae 27 , 2^i~4ae 12 + 4ae 37 , 2 ^15ae 13 + 5ae 47 , 6\/2ae 14 + 6ae 57 , 4 \/2ae 15 + 2^15ae 23 + 7ae 67 , o) 


06 


(§ e 17 ,ae 27 , vTOae 12 + 2 ae 37 , vTOae 13 + 2ae 47 , V^ae 23 + S ae 57 , vTOae 14 + 4ae 67 ,o) 
- — 


07 


(ae 17 , ae 27 , 4ae 12 + 2ae 37 , 2v / 5ae 13 + 3ae 47 , 2 x/W 23 + 3ae 57 , 4ae 14 - 4ae 24 a + 4e 67 , o) 


08 


(ae 17 , ae 27 , 4ae 12 + 2ae 37 , 2\/5ae 13 + 3ae 47 , 2V5ae 23 + 3ae 57 , 4ae 14 + 4ae 24 a + 4e 67 , o) 


09 


(=§ae 17 , ^|iae 27 , ^-ae 37 , f« e 1! + ^ ae 47 , ae 14 - ae 23 + ^f 3 ae 57 , ae 34 + |« e 15 - ffae 87 , o) 


010 


( 4 ae 17 ,ae 27 , 4 ae 37 , ^Hlae 12 + « ae 47 . 2 vTlMae 14 + ^ae 57 . 2i5S a e 15 + 2 ^<pae 23 a + 7 e 67 .(>) 


011 


(°e 17 , 2 ae 27 , ae 12 + ae 37 , 4 ^p ae 12 + ae 47 , 4 ^f « e 13 + 2 ^™ae 14 + 4 ae", 2 fae 15 + 2 fae 24 a + | e 67 , ()) 


012 


(f e 17 , ae 27 , Afae 37 , + fae 47 , ae 14 + 2ae 57 , ^M« 1S + ^3 ae 24 a + § e 67 , o) 


013 


(a e 17 , ae* 7 , I oe ,37 : 2^3 ae 12 + M ae 47 , l^I ae l 4 + M ae 57 , ^ae 15 + § e 67 , ) 


014 


f^e 17 , ae 27 , |a e 37 , ifae 12 + fae 47 , ^pae 13 + fae 57 , ^ae 14 + ^pae 35 + 2ae 67 ,o) 


015 


(ae 17 , ae 27 , ae 37 , \/l0ae 12 + 2ae 47 , vTOae 23 + 2ae 57 , v'lOae 14 + vTOoe 35 + 3ae 87 , o) 


016 


(ae 17 , ae 27 , ae 37 . ^10ae 12 + 2ae 47 , ^lOae 23 + 2ae 57 , vTOae 14 - ^lOae 35 + 3ae 67 , o) 


017 


(ae 17 , ae 27 , ^ae 37 , | V^Tae 12 + 2ae 47 , §V^3ae 14 + 3ae 57 , § V93ae 24 + 3ae 67 , o) 


018 


(ae 17 , ae 27 , 2ae 37 , 4ae 12 + 2ae 47 , 2ae 13 - 2^3ae 24 + 3ae 57 , 2^3ae 14 + 2ae 23 + 3ae 67 , o) 


019 


(5ae 17 , 6ae 27 , 12ae 37 , 2\/T34ae 12 + llae 47 , v'402ae 14 + 16ae 57 , v / 134ae 13 - ^402ae 24 + 17ae 67 , 0~) 

* ' 


020 


(ae 17 , ae 27 , 2ae 12 + 2ae 37 , 2 V3ae 12 + 2ae 47 , 4ae 14 + 3ae 57 , 2ae 24 + 2v^3ae 23 + 3ae 67 , o) 
1 . 


021 


(3ae 17 , 5ae 27 , 6ae 37 , 2v^2ae 12 + 8ae 47 , 2 v / 2Tae 13 + 9ae 57 , 2 v / 42ae 14 + 2-JTiae 23 + llae 67 , o) 


022 




(6ae 17 , 5ae 27 , 9ae 37 , 2^93ae 12 + llae 47 , 2V93ae 13 + 15ae 57 , 4^3Tae 24 + 16ae 67 , o) 


023 


(ae 17 , 4 ae 27 , 3ae 37 , v^ae 12 + lae 47 , ^ae 13 + 4ae 57 , Vifae 14 + 2 a e 67 , o) 
- . - - 


024 


(ae 17 , ae 27 , ae 37 , vfiae 12 + 2ae 47 , v^ae 13 + 2ae 57 , v'fiae 23 + 2ae 67 , o) 


025 


(^ ae 17 , 2 ^ 1 ae 27 , 9 ,^fae 37 , ^ ae 47 , ae 12 + l^poe 57 , f« 34 -fae 15 + ^ ae 67 , o) 


026 


(ae 17 , 2ae 27 , 3ae 37 , 3ae 47 , 4V2ae 12 + 3ae 57 , 4^2ae 15 + 4ae 67 , o) 


027 


(ae 17 , f ae 27 , lae 37 , §ae 47 , ^Slae 12 + 2 ae 57 , ^Sae 14 + ^lae 25 + fae 87 , C)) 


028 


(ae 17 , ae 27 , ae 37 , ae 47 , 2ae 13 - 2ae 24 + 2ae 57 , 2ae 14 + 2ae 23 + 2ae 67 , ()) 


029 


(ae 17 ,ae 27 , |ae 37 , fae 47 , v^ae 12 + 2ae 57 , ^6ae 14 + V6ae 23 + ^73ae 67 ,o) 


030 


(a e 17 , §e 27 , §e 37 , f e 47 , ^2ae 12 + ae 57 , V2ae 34 + ae 67 , o) 


031 


(^Ti.e 17 , ^Jlae 27 , ^Sae 37 , ^ae 47 , Sgl aae" , ae 13 + ^?Iae« 7 ,o) 


032 


(|e 17 , f e 27 , f e 37 , f e 47 , §ae 57 , ^ae 12 + ^ae 34 + ae 67 , o) 


033 


(|e 17 , f e 27 , fae 37 , fae 47 , fae 57 , ^fae 12 + +ae 67 , o) 



Table 2. Rank-one Einstein 7-dimcnsional solvable Lie algebras 
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s 7 


Calibrated G^-structure 


01 


^=335 ( 1440 " 128 ^) <= + ^ A 44928V? 

+ 8eH!. _ 2e 137 - 1™. - V3e li7 + We 157 - e 167 - S^i + e 237 

4-^ (1440 + 128V^) e 247 + ^ + - e 357 - e « 7 + e 567 


04 


7e 120 | „137 7e 14D „147 , e 10 ' , 7e 2 ' 10 „237 
r 2V5 ' 13 L 1 2 1 13 L 
+2e 247 e 267 + + e 457 e 567 


09 


7e 12a i „137 7e 14 ° „147 , e 10 ' , 7^ 3D 
V 1 13 L 1 2 1 13 
e 237 + 2e 247 e 267 + 7e«« + e 3 ^ 7 e 457 e 567 


018 


p = e 123 - e 127 - e 136 + 73e 145 

+3e 167 + e 235 + ^246 _ e™_ + ^567 


028 


if = -2e 127 - 2e 347 - e 13e + e 145 + e 235 + e 246 + 2e 567 



Table 3. Calibrated G2-structures on rank-one Einstein solvable Lie algebras. 
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